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H o w a r d F . P e h r
Is there a "new" mathemat ics? Reading the current educa
t i o n a l l i t e r a t u r e a n d t h e t i t l e s o f t e x t b o o k s f o r t h e e l e m e n t a r y
a n d s e c o n d a r y s c h o o l s o n e w o u l d c o m e t o b e l i e v e s o . T h e w o r d s
"new", "modern", "contemporary" and the l ike have nov; been
bandied around in a very nebulous and ambiguous fashion for a
number o f yea rs . Ye t mos t schoo l p rog rams con ta in p rac t i ca l l y
the same ma themat i cs t ha t appea red i n schoo l i ns t ruc t i on fi f t y
y e a r s a g o , v ; l t h s o m e m o d i fi c a t i o n i n p r e s e n t a t i o n a n d v ^ l t h a f e w
n e w s y m b o l s . S o , a t t h e s t a r t , i t m u s t b e e m p h a s i z e d t h a t
p r a c t i c i n g m a t h e m a t i c i a n s m a k e n o d i s t i n c t i o n b e t w e e n " n e w " a n d
"o ld " mathemat ics . To them, mathemat ics today i s what i t i s as
a r e s u l t o f g r a d u a l d e v e l o p m e n t a n d c r i t i c a l a p p r a i s a l o v e r a
l o n g p e r i o d o f t i m e . V / i t h i n c r e a s e d k n o w l e d g e t h e r e c o m e s
deeper insight into the nature of their subject. The contempor-'
ary sett ing has come about from a very serious study, made over
t h e l a s t o n e h u n d r e d fi f t y y e a r s , o f t h e f u n d a m e n t a l b a s i c
c o n c e p t s v i i t h w h i c h t h e y w e r e d e a l i n g .
To s h o \ 7 t h e d e v e l o p m e n t o f m a t h e m a t i c s o v e r t h e s e I 5 0
y e a r s i n a l l d e t a i l i s a H e r c u l e a n t a s k a n d a l l t h a t c a n b e
d o n e h e r e i s t o g i v e a s k e t c h o f t h e f e w h i g h l i g h t s t h a t
Reflect the present nature of our subject. For the purpose of
c o n t r a s t I s h a l l b r i e fl y r e v i e w t h e h i s t o r i c a l d e v e l o p m e n t o f
w h a t I s h a l l c a l l t h e c l a s s i c a l s e t t i n g .
T h e C l a s s i c a l S e t t i n g
T r a d i t i o n a l l y ^ m a t h e m a t i c s g r e w o u t o f a n e e d f o r u n d e r
s t a n d i n g , t h e p h y s i c a l e n v i r o n m e n t a n d t h u s c r e a t e d s y s t e m s f o r
coun t i ng and measu r i ng (a r i t hme t i c ) , and an i dea l i za t i on o f
s e n s o r y p h y s i c a l s p a c e ( E u c l i d e a n g e o m e t r y ) . F u r t h e r g e n e r a l i
z a t i o n o f t h e s e t o p i c s l e d t o t h e s t u d y o f a l g e b r a . T h e e a r l y
p a r a d o x e s o f z e r o , t h e s u m m i n g o f a r e a s a n d v o l u m e s , a n d t h e
s t u d y o f t a n g e n t s t o c u r v e s l e d t o t h e d e v e l o p m e n t o f i n fi n i t e
p r o c e s s e s w h i c h b y 1 7 5 ^ A . D . h a d b e c o m e a s e p a r a t e fi e l d c a l l e d
A n a l y s i s , M o r e t h a n t w o h u n d r e d y e a r s a g o , t h e g r a d u a l d e v e l o p
m e n t o f t h e s e b r a n c h e s l e d t o t h e t r a d i t i o n a l o r g a n i z a t i o n o f
m a t h e m a t i c a l c o n t e n t i n t o f o u r m a i n d i v i s i o n s : A r i t h m e t i c ,
A l b e g r a , G e o m e t r y, a n d A n a l y s i s — e a c h c o n s i d e r e d a c l o s e d a n d
s e p a r a t e fi e l d o f i n v e s t i g a t i o n . U n d e r e a c h o f t h e s e b r a n c h e s
a p r o fl i f e r a t i o n o f s e p a r a t e s u b j e c t s c a m e i n t o e x i s t e n c e .
Indeed , un t i l qu i te recen t l y, i f one asked a mathemat ic ian v jha t
h e c o n s i d e r e d h i s fi e l d o f i n v e s t i g a t i o n h e w o u l d r e s p o n d : ' ' I
a m a n a l g e b r a i s t " o r ' X a m a n a n a l y s t " o r t h e l i k e . T h i s d o e s
n o t i m p l y h o w e v e r t h a t h e d i d n o t k n o w t h e o t h e r fi e l d s . T h i s
i s t h e c l a s s i c a l s e t t i n g o f m a t h e r a a t i c s ( F i g u r e l ) .
I t i s e a s y t o u n d e r s t a n d h o w t h i s t r a d i t i o n a l o r g a n i z a t i o n
b e c a m e t h e p a t t e r n f o r o r g a n i z i n g t h e s c h o o l c u r r i c u l u m i n
m a t h e m a t i c s . T h e fi r s t i t e m a n a d u l t n e e d e d t o k n o w w a s n u m b e r ,
^sing it in counting, measuring, and computation applied to
b u s i n e s s a n d s o c i a l a f f a i r s o f e v e r y d a y l i f e . D u r i n g t h e l 4 t h
and 15th centur ies ar i thmet ic v?as the pr inc ipa l s tudy o f the
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European university. As new knowledge, such as algebra, entered
the un i ve rs i t y s tudy, a r i t hme t i c descended to the secondary
schoo l and fina l l y down to t he e l emen ta ry schoo l . Ve ry ea r l y
in the history of man, measurement and explanat ion of the
u n i v e r s e a b o u t h i m b e c a m e a n e c e s s a r y a c t i v i t y o f h i s l i f e . T h i s
knowledge was organized in to a pract ica l geometry and la ter
idea l ized in to abst rac t space we now ca l l Euc l idean geometry.
U n t i l t h e m i d d l e o f t h e 1 9 t h c e n t u r y t h i s g e o m e t r y i / a s u n i v e r s i t y
s tudy, and then i t g radua l l y descended in to the secondary schoo l
c i a r r i c u l u m . To d a y , t h e g e o m e t r y o f t h è p h y s i c a l u n i v e r s e i s a
p a r t o f e l e m e n t a r y s c h o o l s t u d y .
A l g e b r a , t h r o u g h o u t t h e m i d d l e a g e s , w a s a s t u d y f o r t h e
m o s t l e a r n e d o f s c h o l a r s . B u t a s c o m m e r c e a n d n a v i g a t i o n
i n c r e a s e d , t h e r e d e v e l o p e d o n t h e p a r t o f e d u c a t e d w o r k e r s a
n e e d t o u n d e r s t a n d g e n e r a l a l g e b r a i c f o r m u l a s a n d t r i g o n o m e t r i c
s o l u t i o n s o f t r i a n g l e s . T h e s u b j e c t t h e n b e c a m e a u n i v e r s i t y
s t u d y a n d b y t h e e n d o f t h e l a s t c e n t u r y h a d d e s c e n d e d i n t o
t h e s e c o n d a r y s c h o o l c u r r i c u l u m . I n t h e e a r l y p a r t o f t h i s
c e n t u r y a t t h e e n c o u r a g e m e n t o f F e l i x K l e i n , c a l c u l u s , a
g radua te and un i ve rs i t y s tudy, became a sub jec t o f i ns t ruc t i on
in the German gymnas i tam. Wi th in the las t fi f t y years i t has
become a secondary schoo l s ab jec t in the sc ien t ific l ine fo r
a l l deve loped coun t r ies . However, i n th i s downward descen t
a l l these subjects took on aspects of .a prefabr icated and
yeternally lasting know t-idae to be r-a. a. d one generation go
t h e n e x t . T h e t r a d • t i . ^ » a a l c U ' i t h m e t i . c o T c o n p u t a t i o n . a l g e b r a
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o f m a n i p u l a t i o n , g e o m e t r y o f E u c l i d e a n s p a c e , a n d f o r m u l a
o p e r a t i v e c a l c u l u s " b e c a m e t h e p r o g r a m , i n a l l s c h o o l s o f a l l
co imt r ies , and has remained fa i r l y cons tan t s ince the "beg inn ing
o f t h e 2 0 t h c e n t u r y .
V /h i l e ma in ta in ing a so r t o f c lass i ca l p rog ram, the o the r
developed countries of the world--Europe, Fxussia, Japan---have
a t l e a s t I n t e g r a t e d t h e s u b j e c t s t o t h e e x t e n t t h a t a l g e b r a ,
geomet ry, ca l cu la t i on and ana l ys i s a re a l l t a \ i gh t i n each o f
the years o f secondary schoo l s tudy. The Un i ted S ta tes o f
America is the only developed country that teaches one year
of a lgebra and no other mathemat ics dur ing th is year and then
drops the subject^ then teaches a year of geometry (most ly
synthetic Euclidean geometry) and nothing else and then drops
the s tudy o f pure geomet ry fo rever. Then, in the U.S.A. we
f o l l o w t h i s w i t h a n o t h e r y e a r o f a l g e b r a , o n e - t h i r d o f w h i c h
i s s p e n t r e t e a c h i n g t h e fi r s t y e a r o f a l g e b r a w h i c h h a s b e e n
f o r g o t t e n i n t h e i n t e r i m . A f o u r t h y e a r i s s p e n t o n a v a r i e t y
o f t o p i c s p r e p a r i n g s t u d e n t s f o r c o l l e g i a t e s t u d y . F o r a n
e x c e p t i o n a l l y s m a l l g r o u p o f t h e m a t h e m a t i c a l l y e l i t e , t h i s
program is begun a year earlier (eighth grade) allov;ing the
sen io r yea r fo r advanced-p lacement ca l cu lus . Th is p rog ram i s
I n e f fi c i e n t , a n d i t i s o u t o f t o u c h w i t h c o n t e m p o r a r y t h o u g h t .
T h e G e n e s i s o f C o n t e m p o r t r y M a t h e m a t i c s
Up to 1800, mathematicians were so engrossed in doing
m a t h e m a t i c s t h a t t h e y p a i d l i t t l e a t t e n t i o n t o t h e n a t u r e o f
tke elements with which they were working. However, during
the past 150 years mathei i iat ic ians have been studying their
sub jec t , v ;ha t i t s ambi t ions a re , and what l im i ts a re imposed
o n t h e s e a m b i t i o n s . T h e s t r i d e s t h a t h a v e b e e n t a k e n h a v e
l i t e r a l l y s h a k e n a p a r t t h e f o u n d a t i o n s o f c l a s s i c a l m a t h e m a t i c s .
The revelat ion of the nature of number by Peacock, Hami l ton,
Dedekind, and Weierstrass, the development of groups by Abel
and Ga lo is , the d iscovery o f mat r i ces by Sy lves te r and the i r
algebraic development by Cayley, the nevr concepts of space
in i t i a ted by Lobachewsky,Bo l ya i , and R iemann , t he a r i t hme t i za t i on
of space by Grassmann--all contributed to new insights and
relat ions among the classical branches. This act ivi ty reached
a c l i m a x v r l t h C a n t o r ' s d i s c o v e r y o f s e t t h e o r y, H u b e r t ' s
development of formalism, and an entirely nev/ structural point
o f v i e w d e v e l o p e d h y t h e B o u r b a k i .
The las t , a g roup o f mathemat ic ians , founded the i r assoc ia
tion in France In the 1930's. The main objective was (and still
is) to reconstruct the whole of mathematics—classical and modern--
on a broad general basis, so as to encompass the whole of i t
a s o n e u n i fi e d s t u d y . T h e y b r o k e d o w n t h e b a r r i e r s o f t h e
classical organization by foiuiding mathematics on the theory of
sets, relations, and functions. On this base they erected two
g r e a t s t r u c t u r e s — t h e a l g e b r a i c a n d t h e t o p o l o g i c a l , i n e a c h
c a s e p a r t i t i o n i n g t h e s t r u c t \ i r e s 3 n t o s u b - s t r u c t u r e s . T h e
a l g e b r a i c s t r u c t u r e s i n c l u d e d g r o u p s , r i n g s , m o d u l e s , fi e l d s , a n d
the topological structures included groups, compact spaces, convex
spaces , me t r i c spaces and o the rs . Bo th these s t ruc tu res , t i r e
Strongly united in veetor space strn.-tur--. The Bourbaki structure
i s c o m p l e x , b u t i t g i v e s a n e x c e l l e n t o v e r v i e w o f a l l m a t h e m a t l c r .
( F i g u r e 2 ) .
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F i g u r e 2
I t i s t h i s s t r u c t u r e , o r a n y s i m i l a r o n e , t h a t r e v e a l s t o
us the contemporary sett ing of mathematics. V/hile recently
developed topics are shovm in the structure, all the important
t rad i t i ona l ma themat i cs i . s a l so embedded in i t , c lo thed w i th
new language and symbolism. In order to obtain a sharper picture
of the Bourbakl unification, we now recall some significant
steps leading to the contemporary view of m.tthematics,
The development of classical algèbre, from that of the
Babylonians and Egyptians, through the work of the Greeks,
notal^ly Heron and Diophantus, extended by the Hindus and Arabs
in the middle ages and brought to a head by the I ta l ian School
(Fibonacci^ Ferrari, Cardan, Bombelli) and the French (Vieta,
Fermât , Descar tes , DeMoiv re) v /as ep i tomized in Eu le r ' s " In t ro
duc t i on t o A lgeb ra " (1770 ) i n wh i ch a lgeb ra i s .defined as ;
T h e T h e o r y o f C a l c u l a t i o n w i t h Q u a n t i t i e s
T h e s u b j e c t m a t t e r i n t h i s t e x t b o o k i s a n a s s o r t m e n t o f t o p i c s
s u c h a s c a n b e f o u n d i n m o s t p r e s e n t d a y t e x t b o o k s o n t h e s u b j e c t .
To t h i s c o n t e n t a h u n d r e d y e a r s l a t e r S e r r e t a d d e d a l l t h e c l a s s i
c a l t h e o r y r e l a t i n g r o o t s o f a n e q u a t i o n t o t h e s o l u t i o n o f
e q u a t i o n s . I n h i s A l g e b r a ( i 8 6 0 ) h e d e fi n e s t h e s u b j e c t a s
T h e A n a l y s i s o f E q u a t i o n s .
M o s t o f t h e c o n t e n t o f t h i s b o o k i s f o u n d i n t h e g r e a t s p a t e
o f tex tbooks pub l ished f rom I880 to 19^0 ca l led 'Theory o f
E q u a t i o n " , T h e r e i s i i i S e r r e t ' s b o o k , h o w e v e r , o n e o f t h e
fi r s t m i l e s t o n e s i n t h e d e v e l o p m e n t o f m o d e r n a l g e b r a ; n a m e l y ,
G a l o i s t h e o r y .
T h e D e v e l o p m e n t o f M o d e r n A l g e b r a
T h e d e v e l o p m e n t , o f m o d e r n a l g e b r a w a s t h e r e s u l t o f t h e
g r a d u a l m e r g i n g o f t h r e e s t r e a m s o f m a t h e m a t i c a l e n d e a v o r i n
o n e g r e a t c o n fl u e n c e . T h i s m e r g e r o f a l g e b r a i c , g e o m e t r i c , a n d
a r i t h m e t i c c r e a t i v e r e s e a r c h e x p o s e d f u n d a m e n t a l c o n c e p t s t h a t
a r e t h e b a s e o f t h e f o u n d a t i o n s o f a l l m ^ - . t h e m a t i c s . T h e g e o m e t r i c
s t r e a m s t a r t e d w i t h t h e g e o m e t r i c e x p l a n a t i o n o f t h e c o m p l e x
n u m b e r s v i a t h e W e s . s e l - A r g . - u i d d i a g r . - m . l i a u s r . a l s o d e v e l o p e d t h e
/ C o m p l e x n u m b e r s a s s y s t e m o f o r d e - a c p i r s o f r e a l n u m b e r s ,
t h u s s e t t i n g t h e s t î g e î ' o r t h e d e v e l o j s T i e a t o f s t r u c t u r e . B y
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1840, vectors as or iented l ine segments or arrows were used
in physics, and this use Xfas developed by mathematic ians into
vec to r geomet ry, and vec to r ana lys is o f two and th ree d imens ions .
There thus developed an algebraic geometry, v/hich completed the
liberation of geometry from the shackles of purely synthetic
t r e a t m e n t . F i n a l l y , t h e u s e o f t r a n s f o r m a t i o n s l e d t o t h e
use , th rough K le in in 1872 , o f g roups to d is t ingu ish one
g e o m e t r y f r o m a n o t h e r .
Arithmetic, as could be expected, became the greatest
contributor to abstract structure. The logical development by
Gauss and Hamilton of complex numbers as ordered pairs marked
the turning point in mathematical thought,for it opened the
way to the postulational method in algebra and also sxiggested
a procedure for the explanation of ordered triples, ordered
quadruples, and finally, ordered n-tuples. Gauss also intro
duced. modular arithmetic and the equivalence relation for classi
fication of the integers. Cauchy did the same thing for polynomial
fxinctions, that is F = R (mod M), and for the modulo (x^+l) found
that his residual classes R, of the form a-f-bx, had all the formal
properties of complex numbers with x replacing i. He constructed
a whole real number algebra identical with, or having the same
structure as, the algebra of complex numbers, thus paving the way
for the impor tant concept o f i somorph ism.
The next breakthrough v;as made by Hamilton and his creation
o f q u a t e r n i o n s . H i s g r e a t c o n t r i b u t i o n w a s t h e r e j e c t i o n o f
ci)mmutativity of an operation as a necessary requirement for a
number system. Cayley at the same time was developing the
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a - b " l 0 0 - 1
= a + b
b . a 0 H
o f t h e f o r m L a t e r q u a t e r n i o n s w e r e d e v e l o p e d a s
a r i t h m e t i c o f m a t r i c e s a n d s h o w e d a c o m p l e t e m o d e l o f t h e c o m
p l e x n u m b e r s i n t h e a r i t h m e t i c o f 2 x 2 m a t r i c e s o f t h e f o r m
- a i + b j -
H e a l s o d e v e l o p e d t h e t h e o r y o f q u a t e r i o n s u s i n g 2 x 2 m a t r i c e s
a b
c d
o r d e r e d p a i r s o f c o m p l e x m e m b e r s , a l l o f t h e s e i d e a s g i v i n g
fu r ther re in fo rcement to the concep t o f i somorph ism,
Grassmann in 1844 took the giant step which placed him
beyond the confines o f Euc l i d ' s th ree d imens ions w i th h i s theo ry
of extension in which he developed real space of n-dimensions,
o r man i fo ld o f n -d imens ions , as the se t o f o rdered n - tup les
(ai, a^, ... a^). The stage was now set for the creation
and ex tens ion o f l inear a lgebra tha t took p lace f rom iBSo to
1940, in which vector space structure was developed. The only
o t h e r s i g n i fi c a n t c r e a t i o n i v a s m a d e b y t h e c h a r a c t e r i z a t i o n o f
a number sys tem by i t s p roper t ies . Th is was accompl ished by
Dedekind in 1879 when he developed the field propert ies of the
r e a l n u m b e r s , a l t h o u £ ; h h e d i d n o t u s e t h e w o r d " f i e l d " !
T h e a l g e b r a i c s t r e . ' i m b e g a n w i t h L a g r a n g e ' s p e r m u t a t i o n o f
t h e t h r e e r o o t s o f a c u b i c e q u a t i o n i n t o t v 7 o c y c l i c s u b s e t s .
G a l o i s e x t e n d e d t h i s s t u d y b y e x a m i n i n g t h e s e t o f p e r m u t a t i o n
o f the n roo ts o f a po lynomia l . He thus deve loped the theory
of permutation groups vrh.ere the oper-,t- ..r, whs that of composition,
iyid for the first t.'.mr in its his-^ nry t. nl aomatlcs had a binary
o p e r a t i o n p e r f o r m e d o n o b l c r t s o t h e i t , h , - n v a r i a b l e s o r n u m b e r s .
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From then on, mathematicians busied themselves to the n^^
d e g r e e v r i . t h t h e d e v e l o p m e n t o f a b s t r a c t g r o u p s . W i t h t h e
d e v e l o p m e n t o f g r o u p s t r u c t u r e f o r b o t h t h e o p e r a t i o n s + a n d
* ^ a s w e l l a s o t h e r a b s t r a c t o p e r a t i o n s , a n d t h e r e c o g n i t i o n
o f t h e fi e l d s t r u c t u r e o f r e a l a n d c o m p l e x n u m b e r s , i t s t i l l
requ i red abou t t v /en ty -five years more to ob ta in the p rec ise
f o r m u l a t i o n t h a t v ; a s g i v e n b y V / h i t e h e a d a n d R u s s e l l i n t e r m s o f
i s o m o r p h i s m o f t w o s e t s .
T h e c o n v e r g e n c e o f t h e s e t h r e e s t r e a m s - - a r i t h î n e t i c ,
a l g e b r a , a n d g e o m e t r y g a v e b i r t h t o a n e w a l g e b r a , a u n i q u e
s t u d y d i f f e r e n t f r o m t h a t o f c l a s s i c a l a l g e b r a . T h e d a t e o f
b i r t h m a y b e g i v e n a s 1 9 1 0 w i t h t h e p u b l i c a t i o n o f S t e l n i t z ' s
The Algebra ic Theory o f F ie lds (Theor ie A lgébr iques des Corps) .
I t c a m e o f a g e w i t h t h e v r o r k o f F m i n y N o e t h e r , E m i l A r t i n , a n d
o t h e r s a t t h e U n i v e r s i t y o f H a m b u r g , a n d f o r t h e fi r s t t i m e
t h i s m o d e r n d e fi n i t i o n o f s t r u c t u r e w a s r e v e a l e d i n M o d e r n
Algebra (Moderne Algebra), by V\ixi der Waerden in 1931. The
fi r s t s u c h b o o k o n a l g e b r a i c s t r u c t u r e s i n E n g l i s h w a s A S u r v e y
of Modern Algebra by Birkhoff .nid MacLane (19^1). These dates
c o n fi r m t h e u s e o f t h e w o r d " m o d e r n " .
T o d a y a l g e b r a i s a s t u d y o f s t r u c t u r e s . P r o b l e m s t h a t
p r e v i o u s l y w e r e i n s o l v a b l e b y t h e t e c h n i q u e s o f c l a s s i c a l
a l g e b r a a r e n o v i e x a m i n e d f r o m a d i f f e r e n t p o i n t o f v i e w a n d , i n
m a n y c a s e s , s o l v e d . I n g e o m e t r y a n d i n a n a l y s i s t h e s e s t r u c t u r e s
become a un i f y i ng t h read . The un i ve rs i t y i ns t r uc to r who g i ves
^ course in modern rnalysis finds that un.less his students have
a g o o d f o u n d a t i o n i r . c o n t e n t j o r a r y a l g e b r a , h e c a n n o t d i s c u s s
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i m p o r t a n t c o n c e p t s , e . g . , t h a t o f a n o p e r a t o r . I n g e o m e t r y
t h e c o n c e p t o f g r o u p e n a b l e d m a t h e m a t i c i a n s t o d e fi n e d i f f e r e n t
s p a c e s i n t e r m s o f p o s s i b l e t r a n s f o r m a t i o n s . T h e n e w c o n c e p t
o f a l g e b r a b e c a m e , t h r o u g h a s t u d y o f i t s m o r p h i s m , a t o o l f o r
f u r t h e r e x p a n s i o n o f m a t h e m a t i c s — e . g . , c a t e g o r i e s a n d f t i n c t o r s .
A n o t h e r a c h i e v e m e n t o f a b s t r a c t a l g e b r a i s i n i t s d e s c r i p t i o n
o f phys ica l phenomena. In I890 a Russ ian c rys ta l log rapher, E . S .
P e d o r o v , a p p l i e d g r o u p t h e o r y t o t h e c l a s s i fi c a t i o n o f s y s t e m s
o f p o i n t s i n s p a c e t o d e fi n e t h e a t o m i c s t r u c t u r e o f c r y s t a l s .
Th is v /as the fi rs t t ime tha t g roup theo ry had been app l i ed to
s o l v e a p r e v i o u s l y u n r e s o l v e d p r o b l e m i n s c i e n c e . L a t e r , J . W .
G ibbs , an A ius r i can sc ien t i s t , used an a lgebra o f o rde red t r i p les
t o d e v e l o p t h e t h e o r y o f r e fi n i n g o i l b y c r a c k i n g c r u d e o i l .
R e c e n t a p p l i c a t i o n s o f m a t r i c e s a n d l i n e a r a l g e b r a h a v e s o l v e d
t e c h n o l o g i c a l p r o b l e m s i n a l l t h e s c i e n c e s — p h y s i c a l , b e h a v i o r a l ,
b i o l og i ca l - - a l l o f wh i ch have confi rmed t he bas i c r equ i r emen t
o f a c c e p t a n c e o f a n y ' n e w ' ' m a t h e m a t i c s , . h a t i s , i t s s u c c e s s f u l
u s e o u t s i d e m a t h e m a t i c s p e r s e .
The current v iew of algebra can be descr ibed as the study
o f s t r u c t u r e s f o r w h i c h t h e r e i s
1 . A s e t o f u n d e fi n e d e l e m e n t s ( t h . ; s e t ) .
2 . A se t . o f s ta tements re la t i ng th^ . - e lements ( the s t ruc tu re ) .
3 . A l o g i c f o r d r a w i n g I n f e r e n c e s t t h e l . m g u a g e ) .
4. A series of propositions that c .n be proved (the theory).
5 . R e a l i z . - i t i o n s - n d a p p l i c a t i o - u ; w . t h i n i t s e l f o r i n o t h e r
s d i s c i p i j r i f ; ; . - . i t . T. o v i e l s ( t h ^ - u s - ' , i .
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F r o m t h i s n e c e s s a r i l y b r i e f d e s c r i p t i o n o f m o d e r n a l g e b r a ,
i t i s c l e a r t h a t a l g e b r a t o d a y r e p r e s e n t s a c o n c e p t i o n c o m p l e t e l y
d i f f e r e n t f r o m t h a t n o v ; t a u g h t i n t h e s c h o o l s . T o d a y , n u m b e r s ,
v a r i a b l e s , e x p r e s s i o n s , f u n c t i o n s , c o n d i t i o n a l s e n t e n c e s , a n d t h e
h o s t o f a c t i v i t i e s a n d a p p l i c a t i o n s t o w h i c h t h e y a r e p u t t o u s e
»
a r e a l l s u b s e r v i e n t t o t h e s t r u c t u r e s f r o m w h i c h t h e y a r e d e r i v e d .
From 1910 to i960 abst ract s t ructures and l inear a lgebra were
c o n c e i v e d o f a s g r a d u a t e o r u n d e r g r a d u a t e a d v a n c e d s t u d y, f a r
r e m o v e d f r o m s e c o n d a r y s c h o o l i n s t r u c t i o n . H o w e v e r , f o l l o w i n g
t h e t r a d i t i o n a l p a t t e r n o f d e s c e n t t o l o w e r l e v e l s t u d y , w e r e c o g
n i z e t h a t t h i s m o d e r n a l g e b r a m u s t b e a t t h e v e r y c o r e o f w h a t w e
t e a c h i n h i g h s c h o o l — o f c o u r s e , p r e s e n t e d i n a f o r m a d a p t a b l e
t o s e c o n d a r y s c h o o l m a t u r i t y . M o r e o v e r , t h e u n i t y o f m a t h e m a t i c s
d e m a n d s t h a t t h i s a l g e b r a b e t a u g h t w i t h e v e r y p o s s i b l e i n t e r v e n
t i o n i n t o g e o m e t r y a n d a n a l y s i s .
T h e D e v e l o p m e n t o f G e o m e t r y
From around 323 B.C. to 182c a.D. only one geometry existed
a s a m e a n s t o s t u d y s p a c e , n a m e l y E u c l i d ' s s y n t h e t i c a x i o m a t i c
g e o m e t r y . D u r j n g a l l t h i s t i m e t n e o n l y c o n t r o v e r s i a l q u e s t i o n
w a s t h e p o s s i b i l i t y o f p r o o f o f t h e p a r a l l e l p o s t u l a t e , a n d t h i s
o c c u p i e d t h e e n e r g i e s o f g r e a t m . - i t h e m a t i c i a n s - - O m a r K h a j ^ a m , V / a l l i s ,
S a c c h e r i , L a m b e r t , L o n g e n d r c , G a u s s , B o l y a i , L o b a c h e w s k y. T h e
- w o r k s o f t h e s e m e n p a i d h i g h t r i b u t e t o t h e g e n i u s o f E u c l i d i n
a c c e p t i n g t h i s p o s t u l a t e , f o r t h r o u s - h t h e i r e f f o r t s t o p r o v e i t ,
n o n - E u c l i d e a n g e o m e t r i e s w e r e I n v e n t e d , a n d f o r t h e fi r s t t i m e
t h e r e a r o s e t h e o b v i o u s i m p l i c a t i o n :
' Jhe i 'e Is more than one geomet ry.
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T h e m a t h e m a t i c a l w o r l d d i d n o t a t fi r s t a c c e p t t h e
c o n c l u s i o n s o f t h e s e m e n . T h e y c o u l d n o t u n d e r s t a n d a n y s p a c e
o the r than tha t desc r ibed by Euc l i d . Bu t i n 1854 , Bernhard
R i e m a n n g e n e r a l i z e d t h e c o n c e p t o f s p a c e b y c r e a t i n g n e w
g e o m e t r i e s . T h e i m m e d i a t e r e s u l t o f R i e m a n n ' s p a p e r : O n t h e
H y p o t h e s e s V H i i c h L i e a t t h e B a s e o f G e o m e t r y, p u b l i s h e d p o s t h u
m o u s l y i n 1 8 6 8 , w a s a b u r s t o f a c t i v i t y i n t h e d e v e l o p m e n t o f
d i f f e r e n t t y p e s o f g e o m e t r y . A n e v / l i g h t o n s p a c e i n t e r p r e t a t i o n
w a s p r e s e n t e d b y F l e i x K l e i n i n I 8 7 2 w h e n h e s h o w e d t h a t o n e
g e o m e t r y m a y b e d i s t i n g u i s h e d f r o m a n o t h e r b y i t s g r o u p o f
t r a n s f o r m a t i o n s . A g e o m e t r y m a y d e t e r m i n e a g r o u p a n d a g r o u p
d e t e r m i n e s a g e o m e t r y . F o r e x a m p l e , t h e g r o u p o f s i m i l i t u d e s
a n d t h e g r o u p o f i s o m e t r i e s l e a d r e s p e c t i v e l y t o a f fi n e a n d
Euc l idean spaces . (However, i t mus t be no ted tha t there a re
geometr ies tha t do not possess a group s t ruc ture . )
R i e m r m n , i n h i s fi r s t p a p e r , a l s o p o i n t e d o u t s o m e o f t h e
fl a w s i n E u c l i d ' s l i s t o f p o s t u l a t e s , t h e r e b y i n i t i a t i n g a
s p a t e o f a c t i v i t y a m o n g m a t h e m a t i c i a n s t o c l e a r E u c l i d o f a l l
blemishes. This task was completed first by Pasch in 1802 and
subsequent ly by Peano, F ie r i , H i lber t (1899) ,and Veb len , 1901
W i t h t h e p r o b l e m o f p e r f e c t i n g E u c l i d ' s s y n t h e t i c g e o m e t r y s o l v e d ,
o u t s i d e o f t h e p o s s i b l e d i s c o v e r y 0 1 ' ' s o m e m o r e e x c e p t i o n a l p o i n t s ,
l i n e s , o r c i r c l e s , t h e s t u d y r e a c h e d a d e a d - e n d . H o w e v e r , t h e
s o l u t i o n r e s u l t e d i n a l e n g t h y s e t o f a x i o m s d e e m e d f a r t o o
c o m p l i c a t e d a n d a b s t r i c t t o b e u s e d i n s e c o n d a r y s c h o o l i n s t r u
c t i o n . I n E u r o p e r u i o A . : i e r - c a t h e r e f o " : r . - c d a s i x t y y e a r
* I t c a n b e a r g u e d , h o w e v e r t h a t , g e n e r a l t o p o l o g y d e v e l o p e d o u t o f i t .
p e r i o d o f s p o r a d i c e f f o r t s t o d o s o m e t h i n g a b o u t t h e s u b j e c t
t o r e t a i n i t a s a s e c o n d a r y s c h o o l s t u d y . E u c l i d h a d c o m e
d o w n f r o m t h e c o l l e g i a t e s t u d y t o t h e s e c o n d a r y s c h o o l ,
a n d t h e f e e l i n g p e r s i s t e d t h a t " E u c l i d m u s t b e s a v e d ' . " To
s a v e E u c l i d , a c o m m o n l y u s e d m o d i fi c a t i o n o f H i l b e r t ' s a x i o m s
w a s g i v e n b y B l r k h o f f i n 1 9 2 9 v ; h e n h e a s s u m e d a l l t h e p r o p e r t i e s
o f r ea l numbers and c rea ted t he " rea l r u l e r " and " rea l p ro t rac to r "
a x i o m s .
To d a y t h e d e v e l o p m e n t o f g e o m e t r y a n d i t s c o i o n t e r - p a r t ,
t o p o l o g y, i s g o i n g o n i n a l l d i r e c t i o n s . I t s p e r v a s i v e n e s s
in mathemat ics and science may be sensed by a part ia l l is t of
g e o m e t r i e s s u c h a s : a f fi n e , p r o j e c t i v e , E u c l i d e a n , h y p e r b o l i c ,
e l l i p t i c , c o m b i n a t o r i a l , a b s o l u t e , a n a l y t i c , d i f f e r e n t i a l ,
a J - g e b r a i c , M i n l c o v r s k i a n , i n t e g r a l , t r a n s f o r m a t i o n , v e c t o r, l i n e a r,
t o p o l o g i c a l , c o n f o r m a i , o p t i c a l , r e l a t i v i s t i c , a n d s o o n ,
i n v o l v i n g i n fi n i t e d i m e n s i o n a l , c o n v e x , m e t r i c , fi n i t e d i m e n s i o n a l ,
a n d c o m p a c t s p a c e s . I t i s t h u s o b v i o u s t h a t g e o m e t r y t o d a y
r e p r e s e n t s a c o n c e p t i o n q u i t e d i f f e r e n t f r o m t h a t e x h i b i t e d
in the contemporary high school program.
To d a y, g e o m e t r y i s t h e s t u d y o f s p a c e s w h e r e e a c h s p a c e i s
a (set, structure). O'his concept of geometry has evolved slovfly
over the las t l 4o years as a resu l t o f two phenomena . The fi rs t
w a s t h e d i s c o v e r y a n d d e v e l o p m e n t b y m a t h e m a t i c i a n s o f t h e
geometr ies ment ioned before, and "spaces" such as topolog ica l ,
v e c t o r , B a n a c h . a n d H i l b e r t . T h e s e c o n d a n d m o s t i n fl u e n t i a l
phenomenon occured as a result of advances in science and
t e c h n o l o g y . P r i o r t o 1 9 0 0 t h e o n l y g e o m e t r y u s e d o u t s i d e o f
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pure mathematics was Euclid's. The advent of relativity changed
this state of affa i rs. Af ter Einstein developed the concept
of matter in a space-t ime relat ionship described by a fourth
dimensional model of Riemann space, various other spaces and
non -Euc l i dean geome t r i es f ound app l i ca t i on i n phys i cs , as t r onomy,
biology, and economics. As a result, today Euclidean geometry is
on l y a sma l l pa r t o f e i t he r pu re o f app l i ed ma thema t i cs . To
t e a c h i t a s t h e o n l y g e o m e t r y i s t o g i v e o u r s t u d e n t s a d i s t o r t e d
picture of what is going on in the wor?..d of mathematics.
L i n e a r A l g e b r a a n d V e c t o r S p a c e s
T h e c o n c e p t o f a v e c t o r s p a c e i s n o w t h e f u n d a m e n t a l b u i l d i n g
block for many of the "new'' areas of mathematics and science.
I t i s a w a y o f u n i f y i n g a l g e b r a , g e o m e t r y, a n d a n a l y s i s . J e a n
D l e u d o n n e h a s c l a i m e d t h a t t h e r e c a n n o t e x i s t a n e l e m e n t a r y
geometry v/hich is separated from linear algebra and from vector
space. All developed countries of the world are in the process
of including its study in secondary school mathematics. As an
example of the pov^er of the concept, consider the follov^ing
stages Starting with a vector space (a set with the vector
space structure) we can introduce an inner product to get an
inner product space. We can extend the s t ructure fur ther by
consider ing the norm vfh ich ar ises f rom the inner product
= ^/X3^^x7 and now we have normed vec tor space. Depend ing
on the function v;hicb defines the inner product and the vector,
ye get varloas otl-er : from thia .redore.
- 1 5 -
pure mathematics was Euclid's. The advent of relativity changed
this state of affairs. After Einstein developed the concept
of matter in a space-time relationship described by a fourth
dimensional model of Riemann space, various other spaces and
non -Euc l i dean geome t r i es f ound app l i ca t i on i n phys i cs , as t r onomy,
biology, and economics. As a result, today Euclidean geometry is
on l y a sma l l pa r t o f e i t he r pu re o f app l i ed ma thema t i cs . To
teach i t as the on ly geomet ry i s to g i ve ou r s tuden ts a d i s to r ted
p ic ture o f what is go ing on in the wor ld o f mathemat ics .
L i n e a r A l g e b r a a n d V e c t o r S p a c e s
T h e c o n c e p t o f a v e c t o r s p a c e i s n o w t h e f u n d a m e n t a l b u i l d i n g
b l o c k f o r m a n y o f t h e " n e w " a r e a s o f m a t h e m a t i c s a n d s c i e n c e .
I t i s a w a y o f u n i f y i n g a l g e b r a , g e o m e t r y , a n d a n a l y s i s . J e a n
D i e u d o n n e h a s c l a i m e d t h a t t h e r e c a n n o t e x i s t a n e l e m e n t a r y
g e o m e t r y v i h l c h i s s e p a r a t e d f r o m l i n e a r a l g e b r a a n d f r o m v e c t o r
s p a c e . A l l d e v e l o p e d c o i i n t r i e s o f t h e w o r l d a r e i n t h e p r o c e s s
o f I n c l u d i n g i t s s t u d y i n s e c o n d a r y s c h o o l m a t h e m a t i c s . A s a n
e x a m p l e o f t h e p o v / e r o f t h e c o n c e p t , c o n s i d e r t h e f o l l o w i n g
s t a g e s . S t a r t i n g w i t h a v e c t o r s p a c e ( a s e t w i t h t h e v e c t o r
space st ructure) we can in t roduce an inner product to get an
i n n e r p r o d u c t s p a c e . W e c a n e x t e n d t h e s t r u c t u r e f u r t h e r b y
c o n s i d e r i n g t h e n o r m w h i c h a r i s e s f r o m t h e i n n e r p r o d u c t
1^1 X11 = VX^T,"^  and now we have normed vector space. Depending
o n t h e f u n c t i o n v / h i c h d e fi n e s t h e i n n e r p r o d u c t a n d t h e v e c t o r ,
ye get various other ; par.es from bhis pi >efMhire.
- 1 6 -
P o r e x a m p l e , i f v / e s t a r t w i t h € R }
a n d d e fi n e
1. (x^,x^,x^) + = (x^ + y^, + y^, ^ ^3 )
2. ^ (XjjXpjX^ ) == (ofX^ , OtX^ s ttX^  ),
we have a vector space. Nov; define a mapping from R^xR^ to R
-{y .^y^^ y^^ ) - x^y^ + x^y^ + x^y .^
We now have an inner product space. Let the norm be
Kxj^^x^jX^)!! = v^pc^Tx^Tx^) • + x^^ + x^^.
Then the distance between any tv;o points (x..,Xp,X-) and (y-j^ y^^yo)
b e c o m e s
Kx^ jX^ .x^ ) - (y^ .-y^ y^g)!! =y{x^ -y^ )^  + (x^  -y^ f + (x^  -y3)^
and we have a Euclidean vector space. Thus we started v;i th an
algebraic structure and arrived at a space for which ve can give
a g e o m e t r i c r e p r e s e n t a t i o n . T h i s i n t e r p r e t a t i o n t h e n p r o v i d e s a n
oppor tun i ty fo r the s tudent to s tudy Euc l idean space f rom an
algebraic point of viev;. In fact, vie have algebraic geometry.
The foregoing example illustrates the power and spirit of
mathematics in a contemporary setting. The emphasis on basic
concepts such as sets, relations, functions, and operations and
the study of fundamental structures such as groups and vector
spaces \niify all of mathematics. Contemporary mathematics—from
the simplest arithmetic to the most abstract analysis can be
described succinctly as the study of the ordered pairs.
^ (S' S) - (Set, structure)
and all the derived activities. Element.iry algebra is the study
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o f t h e s e t o f r e a l n u m b e r s , a n d i t s i m p o r t a n t s u b s e t s : c a r d i n a l s .
Integers, and rationals. The structure is described by the
field properties and relations of order and density. The
activi ty consists of manipulat ing expressions, developing
funct ions--such as polynomial, exponential , tr igonometr ic—and
t h e s o l u t i o n o f s e n t e n c e s r e l a t i n g t w o f u n c t i o n s . G e o m e t r y i s
the study of spaces—an , S) where the set is a col lect ion of
e lemen ts ca l l ed po in ts , v / i t h l i nes and p l ^u ies as impor tan t
s u b s e t s . T h e s t r u c t u r e i s d e s c r i b e d b y r e l a t i o n s s u c h a s b e t v ^ e e n -
ness, paral le l ism, perpendicular i ty; the act ion is provided by
t r a n s f o r m a t i o n s , s u c h a s r o t a t i o n s , r e fl e c t i o n s , t r a n s l a t i o n s ,
shea rs , and the i r g roups l ead ing to i so rne t r i es and s im i l i t udes .
Probabi l i ty is a study of a set-- the outcome space and a measure
structure imposed upon it. The activity consists of dependent
a n d i n d e p e n d e n t e v e n t s , c o n d i t i o n a l r e l a t i o n s , r a n d o m v a r i a b l e s
( r e a l l y f u n c t i o n s ) , e x p e c t a n c y a n d d i s t r i b u t i o n s . T h e a c t i o n i s
i n i t s a p p l i c a t i o n t o b u s i n e s s , s c i e n c e , e c o n o m i c s , g a m e p l a y i n g
a n d t h e l i k e .
The awakening to the realization that certain fundamental
c o n c e p t s a r e t h e s t r u c t u r a l b a c k b o n e o f a l l m a t h e m a t i c a l b r a n c h e s
w a s s t a t e d b y L l c i i n e r o w i c z , v ; h o s a i d :
■ ' A n y o n e v ; h o s t u d i e s c o n t e m p o r a r y m a t h e m a t i c s ' v i e w
o f i t s e l f w i l l o b s e r v e t h r e e m a j o r f e a t u r e s . O n e
i s fi r s t s t r u c k , I t h i n k , b y t h e a b s e n c e o f a
p r i v i l e g e d p l a n o f m a t h e m a t i c a j . b e i n g s . A s e t ( o r
j a c a t e g o r y ) i s , I v e n t u r e t o s e t o f c U i j ' t h l n g - -
n u m b e r s o r f u n c t i o i i S c e r t a i n l y , b u t a l s o a s e t o f
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sentences in a language, of e lementary tasks in a
project, or of exchanges within an economy. Various
s t r u c t u r e s " c a n b e d e fi n e d f r o m t h e s e s e t s , t h e a c t u a l
c o n c e p t o f s t r u c t u r e l e n d i n g i t s e l f e a s i l y t o a
t e c i i n i c a l d e fi n i t i o n , a n d i s b a s e d o n t v r o f u n d a m e n t a l
o p e r a t i o n s c o n c e r n i n g s e t s : t a k i n g t h e p r o d u c t o f
s e v e r a l s e t s , t a k i n g t h e s e t o f s u b s e t s o f a s e t .
P e r f e c t d i c t i o n a r i e s c a n e x i s t b e t v r c e n s e t s , r e l a t i n g o r
t r a n s p o r t i n g s t r u c t u r e s w h i c h l e a d s u s t o t h e c o n c e p t
o f i s o m o r p h i s m b e t w e e n s t z m c t u r e s .
A t t h e s a m e t i m e , t h e r i s n o i d o l a t r y o f t h e t h i n g
f o r i t s e l f , n o c h a r i s m , w i t h i n t h e m a t h e m a t i c a l p r o c e s s .
T h e m a t h e m a t i c i a n a l w a y s w o r k s t o t h e n e a r e s t p e r f e c t
d i c t i o n a r y a n d o f t e n u n s c r u p u l o u s l y i d e n t i fi e s o b j e c t s
o f d i f f e r e n t n a t u r e w h e n a p e r f e c t d i c t i o n a r y o r
isomorphism assures him that he v/ould only be saying
the same th ing tw ice in two d i f fe ren t I xnguages .
I somorph i sm takes t he p l ace o f i den t i t y. The Be ing i s
put between bracke'.s and it is precisely this non-
on to log i ca l cha rac te r i s t i c wh i ch g i ves ma themat i cs i t s
p o w e r , i t s fi d e l i t y , a n d i t s p o l y v a l e n c e . I n t r u t h ,
any fac t can be legardod as mathemat ifiab le so long
a s i t s u b m i t s t o t l i i s s i n g u l a r t r e s i t m e n t o f i s o m o r p h i s m
o r r a t h e r i n s o f a r e x a c t l y w h a t w e o v e r l o o k i n t h i s w a y
is not import.ant. to us. We c: in always weave a mathematical
^ net with an arbitarlly close mesh "cut from v:hich the
o n t o l o g i c a l v / a v e w i l l n e c e s s a r i l y f i . o w a v ; a y.
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A th i rd fea tu re o f con tempora ry mathemat i cs i s i t s
unity. By making a common language and finding common
e lemen ta ry s t ruc tu res i t has cas t as ide the o ld
h i s t o r i c a l f r a m e w o r k v j h i c h w o u l d h a v e b r o k e n i t u p
i n t o d i s c i p l i n e s e v o l v i n g i n d i f f e r e n t v f a y s . T h a t i s
vfhy we can speak of The Mathematic. ''
T h i s i s a n a d m i r a b l e a n d e l o q u e n t d e s c r i p t i o n o f t h e v i e w
point of mathematics today. It affords a sharp contrast between
m a t h e m a t i c s i n a t r a d i t i o n a l 3 o t t i n g - - i s o l a t e d b r a n c h e s - - a n d t h a t
i n t h e c o n t e m p o a r y s e t t i n g - - a u m i fi e d d i s c i p l i n e . T h e t r a d i t i o n a l
s e t t i n g — t h a t w h i c h i s s t i l l d o m i n a n t i n t h e s c h o o l s — h a s h e l d
sway for over seventy years--and even minor changes in this
c u r r i c u l u m h a v e b e e n n o t o r i o u s l y s l o w i n a c c e p t a n c e . I n c o n t r a s t j
the speed wi th which science and technology are t ransforming
c o n d i t i o n s o f m o d e r n l i f e , a s a t h e m e ^ h a v e b e e n e l a b o r a t e d
upon so f requent ly as to become v/ear isome. As a mat ter of
f a c t , h o w e v e r, i t i s c o n t i i u i o u s l y fi l l e d w i t h s u i ' p r l s e a n d
v / o n d e r . S c i e n c e f i c t i o n î \ a c b e c o m e a r e a l i t y w i t h i n r e l a t i v e l y
a f e w y e a r s .
I c a n n o w r e t u r n t o f u r t h e r t h e a n G v ; e r o f t h e q u e s t i o n p o s e d
in the title of this paper. "V/hy should secondary school mathe
m a t i c s b e t a u g h t i n a c o n t e m p o r a r y s e t t i n g ? ' A s a t i s f a c t o r y
cu r r i cu lum mus t i nc lude p rov is ions fo r a genera l educa t ion
e s s e n t i a l f o r c i t i z e n s h i p , a s w e l l a s f o r t h e d i s c o v e r y a n d
d e v e l o p m e n t o f i n d l v - ' i d r , 1 t a l e n t . K r c - a - n o l o n g e r t h i n k o f o u r
s u b j e c t a s t h e r e c o i i d a ^ y s c h o o ] l e v c i y • e r o l y a > a p r e p a r a t i o n
f o r s u b s e q u e n t c o l J e . ' ^ i a . t e o r l u i i v e r o i t y s t u d y o f m a t h e m a t i c s . I t
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shou ld be a cu r r i cu lum tha t p rov ides a genera l l i be ra l educa t ion
i n m a t h e m a t i c s a s i t i s c o n c e i v e d i n t h e l a s t q u a r t e r o f t h e
t w e n t i e t h c e n t u r y . I t s h o u l d f o r m t h e b a s i s f o r e n t e r i n g a n y
p r o f e s s i o n a l s t u d y w h e t h e r i t b e i n s c i e n c e , e n g i n e e r i n g , l a w,
m e d i c i n e , e c o n o m i c s o r t h e b e h a v i o r a l a n d h u m a n i s t i c e n d e a v o r s .
T o s e e v r h a t m a t h e m a t i c s i s , a n d v / h a t i t s r o l e i n c u r r e n t s o c i e t y
i s , r e q u i r e s t h a t i t b e c o n c e i v e d o f a s m a t h e m a t i c i a n s k n o w i t
t o d a y , t h a t i s , i n t h e c o n t e m p o r a r y s e t t i n g .
T h e a m o u n t o f m a t h e m a t i c a l k n o v r l e d g e a v a i l a b l e f o r s e c o n d a r y
school study has grown tremendously in the last 4o years. There
i s f a r t o o m u c h c f i t t o m . 3 k e a s c h o o l p r o g r a m . S o w e m u s t
s e l e c t . B u t o n w h a t b a s i s ? C e r t a i n l y t w o c r i t e r i a a r e a c c e p t a b l e ,
t h a t o f u t i l i t y a n d t h a t o f g r e a t e r g e n e r a l i t y o f b a s i c c o n c e p t s .
U n d e r t h e fi r s t c r i t e r i o n , t h e w r i t e r b e l i e v e s t h a t a l a r g e
par t o f Euc l id 's synthet ic deve lopment o f geometry can be
e l im ina ted . A hund red yea rs ago , i t was t he on l y sub jec t ava i l ab l e
to teach axiomatic development, but today we have many smaller
and s imp le r ax iomat i c sys tems in geomet ry, a lgebra , and p robab i l i t y
f o r t h i s p u r p o s e . L i k e w i s e , m ^ j n y o f t h e s p e c i a l t e c h n i q u e s a n d
sk i l l s in a lgebra and geomet r i c cons t ruc t ion a re no t needed.
U n d e r t h e s e c o n d c r i t e r i o n i t i s c l e a r t h a t t h e c o n t e m p o r a r y
s e t t i n g o f s e t s a n d L ^ t r u c t u r c s i s c e r t a i n l y b r o a d e r a n d m o r e
e n c o m p a s s i n g i n i t s c o n c e p t s a n d h e n c e p e r m i t s m o r e e f fi c i e n t
p r o c e d u r e s f o r l e a r ^ t i n g m o r e a n d h i g h e r q u a l i t y m a t h e m a t i c a l
k n o w l e d g e .
A n y t e a c h e r o r s t u d e n t v d i o h a s p l o v / e d t h r o u g h a c l a s s i c a l
p r e s e n t a t i o n b e f o r e a t t a c k i n g t h e S i o n c m i t e r i a l b e t h e a b s t r a c t
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me thod w i l l g ran t t ha t by t he l a t t e r t he s t r a i n on t he memory
is greatly reduced and that insight Is correspondingly Increased.
I f the ob ject is to learn mathemat ics wi th a min imum of impedi
ments , the con temporary se t t ing has no compet i to r. I f v ie a re
to make progress, mathematics study cannot encumber itself viith
a l l t h e b e a u t i f u l b u t l e s s u s e f u l c o n t e n t i t h a s g a t h e r e d d o v m
t h r o u g h t h e a g e s .
I t i s qu i te na tu ra l tha t the modern concept ion o f mathemat ics
s h o i i l d d e s c e n d f r o m g r a d u a t e r e s e a r c h t o u n d e r g r a d u a t e c o l l e g i a t e
programs. After al l , the same faculty.serves or oversees both
t h e s e l e v e l s o f l e a r n i n g . H o w e v e r , a g r e a t g a p a p p e a r e d b e t v i e e n
secondary schoo l mat l iemat ics and co l leg ia te s tudy o f the sub jec t .
On the one hand, our students in the past decade have complained
of enter ing an ent i re new wor ld vr i th a s t range language on
b e g i n n i n g c o l l e g i a t e s t u d y. O n t h e o t h e r h a n d , t h e c o l l e g e
p ro fesso r comp la ined o f t he i gno rance o f ou r s tuden ts i n t he
language and concep ts necessary to g rasp co l leg ia te Ins t ruc t ion .
To b r i d g e t h i s g a p , i t i s h i g h l y e s s e n t i a l t h a t a t t h e e a r l i e s t
t ime poss ib le v ie p resen t our s tuden ts v i i th the con ten t , concep ts ,
l a n g u a g e , s y m b o l i s m , a n d t h i n k i n g t h a t w i l l e n a b l e t h e m t o g o
fo rv ia rd v i i thou t shock , in fu r ther s tudy o f mathemat ics and i t s
u s e s .
S o m e p h y s i c i s t s c o m p l a i n o f t h e a b s t r a c t n e s s o f t h e n e v i
m a t h e m a t i c s , a x i d t h e l a c k o f s k i l l b y s t i x d e n t s i n u s i n g
t r a d i t i o n a l p r o c c i u r a ; ; T h i s r e s u l t s r r o î n t i e l a c k o f c o m m v i n i c a t i o n
b e t w e e n m a t h c m a t i c l - a i j u i d £ . c i c n t i r . t r . . . \ i o c c s c i e n t i s t s v i h o
k n o v i t h e c o n t e m p o r a r y c i s p e c t d m a t h e n u t ^ c r f n n d i t f a r m o r e
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s e r v i c e a b l e i n s o l v i n g p r o b l e m s i n t h e i r fi e l d . B e c a u s e o f
t h e u s e o f m a t h e m a t i c s a s a n a i u c i l l a r y t o o l , e . g . , t h e u s e o f
p r o b a b i l i t y a n d s t a t i s t i c s i n a n a l y s i n g r e a l i t y , t h e c o n t e m p o r a r y
s t r u c t u r e o f t h e s e t o p i c s i s a l m o s t u n i v e r s a l l y p r e f e r r e d b y
t o d a y ' s e c o n o m i s t s , p s y c h o l o g i s t s , b u s i n e s s e x e c u t i v e s a n d
b i o l o g i s t s . A t t h e s a m e t i m e , s t r u c t u r e s a r e a l s o u s e d a s
e f f e c t i v e i n s t r u m e n t s o f t h i n k i n g , t h a t i s , i n c o n s t r u c t i n g
m a t h e m a t i c a l m o d e l s o f t h e b e h a v i o r o f s i t u a t i o n s i n a l l
s c i e n c e s . I n f a c t , v / h e t h e r a d m i t t e d o r n o t , t h e a m b i t i o n o f
m o s t s c i e n t i s t s i s t o d e v e l o p a m a t h e m a t i c a l m o d e l w i t h a s
c l o s e a n a p p r o x i m a t i o n a s p o s s i b l e t o a l l t h a t h e r e s e a r c h e s .
The contemporary (set-structure) concept has become a powerful
p r o c e d u r e i n t h i s p u r s u i t .
T i m e a f t e r t i m e d o w n t h r o u g h t h e a g e s , n e w m a t h e m a t i c a l
p r o c e d x i r e s o u t m o d e d t h e o l d a s i n s t r u m e n t s i n c a r r y i n g o u t t h e
a f f a i r s o f m e n . V 7 i t n e s s t h e e l e c t r o n i c c o m p u t e r o f t o d a y a n d
i t s e f f e c t i n a p p l i e d s c i e n c e . T h e c h i l d r e n i n o u r s c h o o l s
t o d a y, a t t h e e n d o f t h e i r s t u d y o v e r a p e r i o d o f 1 0 t o 1 5 y e a r s
v / i l l f a c e a w o r l d w h i c h v ; i l l b e m o r e t h o r o u g h l y p e r m e a t e d b y
m a t h e m a t i c s t h a r ^ . e v e r b e f o r e . I f v / e d e s i r e t h a t t h e s e y o u n g
m e n a n d w o m e n s h a l l n o t b e a n a c h r o n i s t i c w h e n t h e y a p p r o a c h t h e
a d u l t a g e o f r e s p o n s i b i l i t y , w e m u s t e d u c a t e t h e m t o d a y s o t h a t
t hey w i l l be up to t he t imes tomor row. I t i s t he con tempora ry
s e t t i n g t h a t c a n a i d i n d o i n g t h i s .
